Maps on positive definite operators preserving the quantum
  $\chi_\alpha^2$-divergence by Chen, Hong-Yi et al.
ar
X
iv
:1
70
1.
02
52
3v
1 
 [m
ath
-p
h]
  1
0 J
an
 20
17
MAPS ON POSITIVE DEFINITE OPERATORS PRESERVING THE
QUANTUM χ2α-DIVERGENCE
HONG-YI CHEN, GYÖRGY PÁL GEHÉR, CHIH-NENG LIU, LAJOSMOLNÁR,
DÁNIEL VIROSZTEK, ANDNGAI-CHINGWONG
ABSTRACT. We describe the structure of all bijective maps on the
cone of positive definite operators acting on a finite and at least two-
dimensional complex Hilbert space which preserve the quantum χ2α-
divergence for some α ∈ [0,1]. We prove that any such transformation
is necessarily implemented by either a unitary or an antiunitary op-
erator. Similar results concerning maps on the cone of positive semi-
definite operators as well as on the set of all density operators are also
derived.
1. INTRODUCTION
The study of automorphisms, symmetries or, more generally, maps
on mathematical structures which preserve relevant characteristics (nu-
merical or nonnumerical) of the underlying structures is an important
general task in most areas of mathematics and its applications, hence in
mathematical physics, too. In the latter discipline one of themost funda-
mental corresponding result isWigner’s celebrated theoremon the struc-
ture of so-called quantummechanical symmetry transformations. These
transformations are bijective maps on the set of all rank-one projections
on a complex Hilbert space (representing the pure states of a quantum
system) that preserve the quantity of transition probability which is the
trace of the product of rank-one projections. Wigner’s theorem states that
any suchmap is implemented by a unitary or antiunitary operator on the
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underlying Hilbert space. Motivated by this very important result, in a
series of papers we presented several results in which we determined the
structures of transformations on the sets of density operators or positive
(definite or semidefinite) operators that preserve certain kinds of quan-
tum divergence. Below we list those results of ours which are in close
connections to the present investigations.
In order to do this, let us first fix the notation. In what follows H
stands for a finite and at least two-dimensional complex Hilbert space,
d = dimH , and we denote byL (H ) the set of all linear operators onH .
The symbols L sa(H ),L +(H ) and L ++(H ) stand for the collections of
all selfadjoint, positive semidefinite, and positive definite operators on
H , respectively. The linear space L (H ) is endowed with the Hilbert-
Schmidt inner product 〈X ,Y 〉HS = TrXY
∗, X ,Y ∈L (H ), and ||.||HS de-
notes the induced norm. We will also consider the operator norm on
L (H ) which is denoted by ||.||op . The symbol S (H ) stands for the set
of all density operators on H , i.e., the set of all elements in L +(H ) with
unit trace. The elements of S (H ) represent the quantum states of the
quantum system described by the Hilbert space H , hence S (H ) is also
called state space. The set of all nonsingular (i.e., invertible) elements of
S (H ) is denoted byM (H ) andP1(H ) stands for the set of all rank-one
projections on H .
If f : I → R is a function defined on an interval I ⊂ R, then the corre-
sponding standard operator function is themap
f : {A ∈L sa(H ) : σ(A)⊆ I }→L (H )
A =
∑
a∈σ(A)
aPa 7−→ f (A) :=
∑
a∈σ(A)
f (a)Pa ,
where σ(A) is the spectrum of A and Pa is the spectral projection corre-
sponding to the eigenvalue a of A.
Wigner’s abovementioned fundamental theorem states that any bijec-
tivemap φ :P1(H )→P1(H ) which has the property that
Trφ(P )φ(Q)=TrPQ (P,Q ∈P1(H ))
is necessarily of the form
(1) φ(P )=UPU∗ (P ∈P1(H ))
with some either unitary or antiunitary operatorU onH . (There is a vast
literature on this celebrated result, we only refer to Sections 0.3, 2.1 and
2.2 in themonograph [7] and to the recent elementary proof given in [2].)
And now a short summary of our former and relating results follows.
We beginwith noting that divergences, in particular, relative entropy type
quantities are usually defined on the state space or on the cones of pos-
itive definite or semidefinite operators depending on the nature of the
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problem one considers. Therefore, we investigated the corresponding
preserver transformations on all those structures. Obviously, themachin-
ery we used in our arguments to obtain the results heavily depended on
which particular structures the maps were defined.
In the paper [13] we proved that those (a priori nonbijective) maps
on the state space S (H ) which preserve the (Umegaki) relative entropy
have the structure like in Wigner’s theorem (1), they are all implemented
byunitary or antiunitary operators. Next, in [11]wepresented a far reach-
ing generalization of the result in [13] by showing that all maps onS (H )
which preserve a so-called f -divergence ( f being an arbitrary strictly
convex real function on the set of nonnegative real numbers) are also
unitary or antiunitary similarity transformations. In [18] the same con-
clusion was obtained for the same kind of preservers which are bijective
and defined not on the state space but on the whole set L +(H ) of posi-
tive semidefinite operators. (We also remark that in the very recent paper
[9] we have made some steps towards the description of quasi-entropy
preservers on positive definite cones in the setting ofC∗-algebras but the
level of generality of the considered quasi-entropies falls far from what
we could consider sufficient.)
In [12] we described the structure of all bijective maps on the positive
definite cone L ++(H ) which preserve the Bregman divergence corre-
sponding to any differentiable convex function on the positive reals with
derivative bounded from below and unbounded from above. In addition,
we considered the cases of the particular functions x 7→ x logx, x > 0 (von
Neumann divergence, in other words, Umegaki’s relative entropy) and
that of x 7→ − logx (Stein’s loss). In the former cases the preservers are
all unitary-antiunitary conjugations while in the latter one they are con-
jugations by any invertible linear or conjugate-linear operators on H .
In the same paper we obtained results of similar spirit concerning maps
onL ++(H ) preserving Jensen divergence. Similar investigationwas car-
ried out in [17] for bijective transformationson the state space preserving
Bregman or Jensen divergences.
In the present paperwe consider a relatively newand important notion
of quantum divergence and determine its preservers. We emphasize in
advance that the problem has been a real challenge, the formerly devel-
oped techniques have needed to be altered significantly and many new
ideas have necessarily had to be brought in. Now, the basic concept of
the present paper is the following notion of quantum divergence which
was introduced in [15], see equation (7) on page 122201-3.
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Definition 1. Let α ∈ [0,1]. The quantum χ2α-divergence of the operators
A ∈L +(H ), B ∈L ++(H ) is defined by
Kα(A||B) :=TrB
−α(A−B)Bα−1(A−B).
Clearly, we can also write this as
Kα(A||B)=TrB
−αABα−1A−2TrA+TrB.
For a singular B ∈L +(H )we define
(2) Kα(A||B) := lim
ε→0
Kα(A||B +εI ).
Remark 2. In relation with the above definition we make a few com-
ments. First, concerning the existence of the limit in (2) observe the
following. In the case of a singular B ∈ L +(H ) one can easily see that
if supp(A) ⊆ supp(B) (supp(B) denoting the support of B which is the
orthogonal complement of its kernel hence equals the range rng(B) of
B), then we have Kα(A||B)=TrB−α(A−B)Bα−1(A−B), where the trace is
taken over the subspace supp(B) of H .
If supp(A) * supp(B), then we have Kα(A||B) = ∞. Indeed, assume
that the sequence {Tr(B+ǫn I )−αA(B+ǫn I )α−1A}n∈N is bounded for some
sequence {ǫn}n∈N of positive numbers converging to zero. Since we have
Tr(B +ǫn I )
−αA(B +ǫn I )
α−1A =Tr
∣∣∣(B +ǫn I )α−12 A(B +ǫn I )−α2 ∣∣∣2 ,
this yields that {(B + ǫn I )
α−1
2 A(B + ǫn I )
−α
2 }n∈N is a bounded sequence in
the Hilbert-Schmidt norm and hence it has a convergent subsequence.
Without serious loss of generality we may and do assume that already
the original sequence itself converges
(B +ǫn I )
α−1
2 A(B +ǫn I )
−α
2 →C .
Since
(B +ǫn I )
1−α
2 →B
1−α
2 , (B +ǫn I )
α
2 →B
α
2 ,
it immediately follows that
A =B
1−α
2 CB
α
2 .
But this implies rng(A)⊂ rng(B), a contradiction. Therefore, we have
Kα(A||B)=
{
TrB−α(A−B)Bα−1(A−B), if supp(A)⊆ supp(B)
∞, otherwise.
Since
TrB−α(A−B)Bα−1(A−B)=Tr
∣∣∣B α−12 (A−B)B −α2 ∣∣∣2 ,
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it follows easily that Kα(A||B)≥ 0 for any A,B ∈L +(H ) and Kα(A||B)= 0
holds if and only if A = B. Therefore, the χ2α-divergence is always non-
negative and take the value 0 only at identical operators. Thismeans that
Kα(.||.) is really a divergence or, in other words, a generalized distance
measure.
We also note that in the special case whereα ∈ {0,1}, theχ2α-divergence
coincides with the so-called quadratic relative entropy. The transforma-
tions of the state space S (H ) and those of the set M (H ) of all nonsin-
gular density operators leaving the quadratic relative entropy invariant
have been determined in [10], see Theorems 2 and 3.
In the main result of this paper we show that all bijective maps of
the positive definite coneL ++(H ) which preserve theχ2α-divergence for
some α ∈ [0,1] are unitary or antiunitary similarity transformations.
We remark that in [15] an evenmore general concept of χ2-divergence
depending on a function parameter was also defined in themanner of f -
divergences, see equation (10) on page 122201-3. Important properties
of these notions (both the more restricted one given in Definition 1 as
well as the justmentionedmore general one) were investigated in several
further papers. Without presuming to be exhaustive here we refer only to
the works [3], [5], [6], [14], [16].
Before presenting our results we would like to make clear a point. In
the light of our structural results given in [11] and [18] concerning maps
preserving f -divergences, one may immediately put the question that
what about the preservers of the general notion of χ2-divergence. The
honest answer is that we do not know. As the reader will see below, com-
pared to the above listed previous results of ours, the description even in
the considered case of χ2α-divergences is remarkably more difficult and
more complicated requiring the invention of many new ideas. Presently,
we do not see any ways how one can attack the general problem.
2. THE MAIN RESULTS
In this section we present the main results of the paper. Select an ar-
bitrary number α ∈ [0,1]. It is clear that for any unitary or antiunitary
operatorU on H , the corresponding conjugation
A 7→UAU∗
(
A ∈L +(H )
)
leaves the quantum χ2α-divergence invariant. In our results we show that
the converse statement is also true, i.e., the preservers of the quantum
χ2α-divergence are all necessarily unitary or antiunitary conjugations.
The precise formulations of the statements read as follows. We begin
with the case of the positive definite cone.
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Theorem 3. Let α ∈ [0,1] be an arbitrary but fixed number and let φ :
L
++(H ) → L ++(H ) be a bijection which preserves the quantum χ2α-
divergence, that is, satisfies
Kα(φ(A)||φ(B))=Kα(A||B)
(
A,B ∈L ++(H )
)
.
Then there exists a unitary or an antiunitary operator U : H → H such
that
φ(A)=UAU∗
(
A ∈L ++(H )
)
.
The theorem will be proven in a separate section. We next formulate
the corresponding results concerning the cone of positive semidefinit op-
erators and the state space.
Proposition 4. Let α ∈ [0,1] be an arbitrary but fixed number and let φ :
L
+(H )→L +(H ) be a bijection such that
Kα(φ(A)||φ(B))=Kα(A||B)
(
A,B ∈L +(H )
)
.
Then there is a unitary or an antiunitary operatorU :H →H such that
φ(A)=UAU∗
(
A ∈L +(H )
)
.
Proposition 5. Let α ∈ [0,1] be an arbitrary but fixed number and let φ :
S (H )→S (H ) be a bijection such that
Kα(φ(A)||φ(B))=Kα(A||B) (A,B ∈S (H )) .
Then there exists a unitary or an antiunitary operator U : H → H such
that
φ(A)=UAU∗ (A ∈S (H )) .
The proofs of the latter two propositions can be obtained by using ar-
guments similar to the ones that we will employ in the proof of Theorem
3. Therefore, we will only sketch those proofs in the last part of the next
section.
3. PROOFS
This section is devoted to the proofs of our results. However, let us be-
gin with the following remark. We have already mentioned that in our
previous works [12] and [18] we presented structural results concerning
maps on the positive definite or semidefinite cones preserving Bregman
divergences, or Jensen divergences, or f -divergences. Therefore, it is
necessary to make it clear that what we obtain in the present paper, our
main result Theorem 3 is a really new result, it is independent from the
previous ones. So, we need to verify that the χ2α-divergences we consider
here are neither f -divergences (with the exception of the cases α = 0,
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α= 1), nor Bregman or Jensen divergences on the set of all positive defi-
nite operators.
Indeed, these are very easy to see. As for f -divergences (see, e.g., Sec-
tion 2 in [4]), write A = t I , t > 0 and B = I into
S f (A||B)=Kα(A||B)
and obtain that f (t )= (t −1)2, t > 0. It then follows that
S f (A||B)=K0(A||B)
holds for all A,B ∈L ++(H ) which implies that α= 0 or α= 1.
As for Bregman divergences (see, e.g., Section 1 in [12]), we do some-
thing similar. We write A = t I , t > 0 and B = sI , s > 0 into
H f (A||B)=Kα(A||B)
and, for s = 1, conclude that f is a quadratic function. Letting now s vary,
we see that the left hand side of the equality above is quadratic in s, while
the right hand side is not so. This gives a contradiction.
Finally, as for Jensen divergences, it is clear that they are symmetric
in their variables while the χ2α-divergences are not so. Consequently, the
results of the present paper are really new. In fact, as can be seen from the
arguments to be given below, the proofs aremore deep and involved than
any of the previous resultswe have obtained so far in this line of research.
In the next pages we present the proof of Theorem 3. For the sake of
transparency, we divide it into three parts given in the following three
subsections the first two parts being split into several substeps.
3.1. Proof of Theorem 3— part one. In what follows, let α ∈ [0,1] be an
arbitrary but fixed number and letφ :L ++(H )→L ++(H ) be a bijective
map such that
Kα(φ(A)||φ(B))=Kα(A||B)
(
A,B ∈L ++(H )
)
.
In the first part of the proof we show thatφ is a homeomorphismand it
can be extended to a mapψ on the setL +(H ). (Wemake a remark here:
observe that L sa(H ) is a finite dimensional linear space, hence there is
only one locally convex Hausdorff vector topology on it, the topology of
the operator norm, and whenever we use topological notions we always
mean that unique topology.) Furthermore, we also verify that the exten-
sionψ is bijective on L +(H ), it almost preserves the χ2α-divergence (for
the definition of this notion see Claim 12), and it preserves the trace.
In what follows we will need the continuity properties of the χ2α-
divergences what we collect below.
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Remark 6. First, it is clear that the map
Kα(.||B) : L
+(H )→ [0,∞); A 7→Kα(A||B)=TrB
−α(A−B)Bα−1(A−B)
is continuous for any fixed B ∈L ++(H ), and themap
Kα(A||.) : L
++(H )→ [0,∞); B 7→Kα(A||B)=TrB
−α(A−B)Bα−1(A−B)
is continuous for any fixed A ∈L +(H ).
We remark that Kα(.||.) is not continuous in its first variable when the
second variable is a singular element ofL +(H ). To see this simple state-
ment, let B = P be a rank-one projection and set An = P + (1/n)I (n ∈N),
a sequence which converges to A = P . Then we have Kα(An||B) =∞ for
all n ∈N but Kα(A||B)= 0.
We next show that the χ2α-divergence is not continuous on L
+(H ) in
its second variable. We consider only the case where α= 0 or α = 1, that
is when Kα(.||.) is an f -divergence. In the remaining cases one can argue
in a similar way.
In fact, we have the discontinuity already in two-dimension. To this,
set
B1/2n =
[
1 1
n
1
n
2
n2
]
for every n ∈N and
P =
[
1 0
0 0
]
.
We clearly have Bn → P and one can verify
K0(P ||Bn)= 4+n
2
−2+
(
1+
2
n2
+
4
n4
)
→∞
although Kα(P ||P )= 0.
We mention that this example shows that the statement Proposition
2.12 in [4] asserting that the f -divergences are continuous on L +(H ) in
their second variables is false.
We use the above mentioned continuity properties of Kα(.||.) to prove
the following statement.
Claim 7. The map φ is a homeomorphism.
Proof. Since φ is a bijection on L ++(H ) preserving the χ2α-divergence,
so is its inverse φ−1. Therefore, we need only to show that φ is contin-
uous. Let {An}n∈N be a sequence in L ++(H ) which converges to some
A ∈ L ++(H ). By the continuity of the map Kα(.||A), see Remark 6, we
have
lim
n→∞
Kα (An||A)=Kα
(
lim
n→∞
An
∣∣∣∣∣∣A)=Kα(A||A)= 0.
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Therefore,
lim
n→∞
Kα
(
φ (An) ||φ (A)
)
= 0.
On the other hand, we compute
(3)
Kα
(
φ (An) ||φ (A)
)
=Tr
(
φ(A)−
α
2
(
φ (An)−φ(A)
)
φ(A)
α−1
2
)
·
(
φ(A)−
α
2
(
φ (An)−φ(A)
)
φ(A)
α−1
2
)∗
≥
∣∣∣∣∣∣φ(A)−α2 (φ (An)−φ(A))φ(A)α−12 ∣∣∣∣∣∣2
op
≥
∣∣∣∣φ (An)−φ(A)∣∣∣∣2op∣∣∣∣∣∣φ(A)α2 ∣∣∣∣∣∣2
op
∣∣∣∣∣∣φ(A) 1−α2 ∣∣∣∣∣∣2
op
=
∣∣∣∣φ (An)−φ(A)∣∣∣∣2op∣∣∣∣φ(A)∣∣∣∣op .
The first inequality holds because the Hilbert-Schmidt norm majorizes
the operator norm, and the second inequality holds because of the sub-
multiplicativity of the operator norm. The term
∣∣∣∣φ(A)∣∣∣∣op is independent
of n, hence we conclude that φ (An)→φ(A) proving the claim. 
The following assertion is a sort of identification lemma relative to the
set M (H ) of all nonsingular states.
Lemma8. Assume A,B ∈L (H )+ are such that for all C ∈M (H )we have
(4) Kα(A||C )=Kα(B ||C ).
Then we obtain A =B.
Proof. By (4) we have
Tr
(
C−αACα−1A
)
−2TrA =Tr
(
C−αBCα−1B
)
−2TrB
for all C ∈M (H ). Pick arbitrary rank one projection P ∈P1(H ) and let
Q = I −P . For any t ∈ (0,1) insert tP + 1−t
d−1Q into the place of C in the
displayed formula above (d is the dimension of H ).
First consider the case where α= 0. We have
1
t
TrAPA+
d −1
1− t
TrAQA−2TrA =
1
t
TrBPB +
d −1
1− t
TrBQB −2TrB
Since the functions 1, 1
t
, 11−t are linearly independent over the interval
(0,1), it follows that
TrA2P =TrAPA =TrBPB =TrB2P
holds for every rank-one projection P on H which implies A2 = B2 and
then we deduce A = B . The same reasoning works for the case where
α= 1.
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Now, let α ∈ (0,1). Again, the argument is practically the same but the
computation is a bit more complicated. For P,Q given as above and for
any t ∈ (0,1) we have
1
t
TrPAPA+ t−α
(
1− t
d −1
)α−1
TrPAQA
+
(
1− t
d −1
)−α
tα−1TrQAPA+
d −1
1− t
TrQAQA−2Tr A
=
1
t
TrPBPB + t−α
(
1− t
d −1
)α−1
TrPBQB
+
(
1− t
d −1
)−α
tα−1TrQBPB +
d −1
1− t
TrQBQB −2TrB.
Using the linear independence of the functions
1,
1
t
,
1
1− t
, t−α (1− t )α−1 , (1− t )−α tα−1
over the interval (0,1) in the case where α 6= 1/2 (if α = 1/2, the last two
functions are the same) we get that TrPAPA = TrPBPB holds for every
rank-one projection P on H which easily gives us that A = B . The case
α= 1/2 can be treated in the same way. 
Claim 9. Let {An}n∈N be a convergent sequence of positive definite oper-
ators on H and let us denote its limit by A. (Clearly, A ∈L +(H ).) Then
{φ (An)}n∈N is convergent and, obviously, limn→∞φ (An) ∈L +(H ).Conse-
quently, it follows that if {An}n∈N and {Bn}n∈N are convergent sequences of
positive definite operators on H such that limn→∞ An = limn→∞Bn , then
we have limn→∞φ (An)= limn→∞φ (Bn) .
Proof. Let {An}n∈N be a convergent sequence of positive definite opera-
tors on H with limn→∞ An = A ∈L +(H ) and let X be an arbitrary ele-
ment of L ++(H ). Then, by Remark 6,
(5) Kα (A||X )= lim
n→∞
Kα (An ||X )= lim
n→∞
Kα
(
φ (An) ||φ(X )
)
.
By the inequality (3) in Claim 7 we have
Kα
(
φ (An) ||φ(X )
)
≥
∣∣∣∣φ (An)−φ (X )∣∣∣∣2op∣∣∣∣φ(X )∣∣∣∣op .
The left hand side of the above inequality is convergent and hence
bounded, so
∣∣∣∣φ (An)−φ (X )∣∣∣∣op is bounded as well. Therefore, the se-
quence {φ (An)}n∈N is bounded. Assume that {φ (An)}n∈N has two accu-
mulation points, say B1 and B2. That is, we have
lim
n→∞
φ(Akn )=B1 and limn→∞
φ(Aln )=B2
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for some subsequences {φ(Akn )}n∈N and {φ(Aln )}n∈N. The χ
2
α-divergence
is continuous in its first variablewhen the second variable is nonsingular,
Remark 6, hence
Kα
(
B1||φ(X )
)
= lim
n→∞
Kα
(
φ(Akn )||φ(X )
)
and
Kα
(
B2||φ(X )
)
= lim
n→∞
Kα
(
φ(Aln )||φ(X )
)
hold for any X ∈ L ++(H ). However, the right hand sides of the above
equations coincide as the sequence {Kα(φ (An) ||φ(X ))}n∈N is convergent,
see (5). So, we deduced that
Kα
(
B1||φ(X )
)
=Kα
(
B2||φ(X )
)
for any X ∈L ++(H ). By Lemma 8 we obtain that B1 = B2. It follows that
the sequence {φ(An)}n∈N is convergent.
We can easily show the rest of the statement, that is, that limn→∞ An =
limn→∞Bn implies limn→∞φ (An) = limn→∞φ (Bn) . Indeed, assume that
{An}n∈N and {Bn}n∈N are convergent sequences of positive definite oper-
ators such that limn→∞ An = limn→∞Bn .
Let the sequence {Cn}n∈N be defined by
C2n := An andC2n+1 :=Bn (n ∈N) .
Clearly, {Cn}n∈N is a convergent sequence of positive definite operators,
hence by the first part of this Claim (which has been already proven) the
sequence {φ (Cn)}n∈N is also convergent. Therefore, any subsequence of
{φ (Cn)}n∈N is convergent and has the same limit. In particular, we have
limn→∞φ (An)= limn→∞φ (Bn) . 
Remark 10. Observe that the statements in Claim 9 hold also for φ−1 as
the latter map is also a χ2α-divergence preserving bijection just like φ.
Now we are in the position to define the map
(6) ψ :L +(H )→L +(H ); A 7→ψ(A) := lim
Z→A,Z∈L ++(H )
φ(Z ).
The definition in (6) is correct by Claim 9. Themap φ is continuous by
Claim 7, hence ψ(B) = φ(B) for any B ∈L ++(H ). It follows that ψ is an
extension of φ.
By Remark 10, we can also define the transformation
ψ∗ :L +(H )→L +(H ); A 7→ψ∗(A) := lim
Z→A,Z∈L ++(H )
φ−1(Z ).
Claim 11. The above defined map ψ∗ is the inverse of ψ, that is, ψ◦ψ∗ =
ψ∗ ◦ψ= idL +(H ). In particular,ψ is bijective.
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Proof. We only show that ψ∗ ◦ψ = idL +(H ) as the equality ψ ◦ψ
∗ =
idL +(H ) can be proven very similarly. Let A ∈ L
+(H ) be arbitrary
and let {An}n∈N be a sequence of positive definite operators on H with
limn→∞ An = A. Then
ψ(A)= lim
n→∞
φ (An)
and thus, by the definition ofψ∗, we have
ψ∗
(
ψ(A)
)
=ψ∗
(
lim
n→∞
φ (An)
)
= lim
n→∞
φ−1
(
φ (An)
)
= A.

Claim 12. The transformation ψ almost preserves the χ2α-divergence by
what we mean that
Kα
(
ψ(A)||ψ(B)
)
=Kα (A||B)
holds for any A ∈L +(H ) and B ∈L ++(H ). The same is true for the map
ψ−1.
Proof. Pick A ∈L +(H ),B ∈L ++(H ) and let {An}n∈N be an arbitrary se-
quence of positive definite operators on H converging to A. Then
Kα
(
ψ(A)||ψ(B)
)
=Kα
(
ψ(A)||φ(B)
)
=Kα
(
lim
n→∞
φ (An) ||φ(B)
)
= lim
n→∞
Kα
(
φ (An) ||φ(B)
)
= lim
n→∞
Kα (An ||B)=Kα (A||B) .
The verification of
Kα
(
ψ−1(A)||ψ−1(B)
)
=Kα (A||B)
(
A ∈L +(H ),B ∈L ++(H )
)
is similar. 
Claim 13. Themap φ :L ++(H )→L ++(H ) preserves the trace, that is,
Trφ(C )=TrC
(
C ∈L ++(H )
)
.
Proof. For any positive definite operators B ,C and X on H we have
Kα (X ||B)−Kα (X ||C )=TrB
−αXBα−1X −TrC−αXCα−1X +TrB −TrC .
Therefore, the set {
Kα (X ||B)−Kα (X ||C )
∣∣X ∈L ++(H )}
is bounded from below if and only if the inequality
TrB−αXBα−1X ≥TrC−αXCα−1X
holds for every positive definite X . Moreover, in this case we clearly have
inf
{
Kα (X ||B)−Kα (X ||C )
∣∣X ∈L ++(H )}=TrB −TrC .
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Now, assume that B ≤C holds for some positive definite operators B and
C on H , that is,C −B is positive semidefinite. Then{
Kα (X ||B)−Kα (X ||C )
∣∣X ∈L ++(H )}
is bounded from below. Indeed, by the Löwner-Heinz theorem (see, e.g.,
[1, Theorem 2.6]), the map t 7→ tp is operator monotone decreasing on
(0,∞) for any p ∈ [−1,0]. Therefore, B−α ≥ C−α and Bα−1 ≥ Cα−1 for
any α ∈ [0,1]. Consequently, X
1
2B−αX
1
2 ≥ X
1
2C−αX
1
2 and X
1
2Bα−1X
1
2 ≥
X
1
2Cα−1X
1
2 holds for any X ∈ L ++(H ). It is folklore that an operator
A ∈ L sa(H ) is positive semidefinite if and only if TrAT ≥ 0 for any
T ∈L +(H ). Therefore,
TrB−αXBα−1X =Tr
(
X
1
2B−αX
1
2
)(
X
1
2Bα−1X
1
2
)
≥Tr
(
X
1
2C−αX
1
2
)(
X
1
2Bα−1X
1
2
)
≥Tr
(
X
1
2C−αX
1
2
)(
X
1
2Cα−1X
1
2
)
=TrC−αXCα−1X
holds, so we have the required boundedness from below.
Let us now pick some C ,D ∈ L ++(H ) and choose an ε > 0 such that
εI ≤C and εI ≤D. Then, as we have seen above,{
Kα (X ||εI )−Kα (X ||C )
∣∣X ∈L ++(H )}
is bounded from below and
inf
{
Kα (X ||εI )−Kα (X ||C )
∣∣X ∈L ++(H )}=TrεI −TrC .
Similarly, {
Kα (X ||εI )−Kα (X ||D)
∣∣X ∈L ++(H )}
is bounded from below and
inf
{
Kα (X ||εI )−Kα (X ||D)
∣∣X ∈L ++(H )}=TrεI −TrD.
By the bijectivity of φ one can see that{
Kα (X ||εI )−Kα (X ||C )
∣∣X ∈L ++(H )}
=
{
Kα
(
X ||φ (εI )
)
−Kα
(
X ||φ (C )
)∣∣X ∈L ++(H )} ,
hence the latter set is also bounded from below, and its infimum is TrεI−
TrC . On the other hand, by the first observation of the present proof, this
infimum is equal also to Trφ (εI )−Trφ(C ). Hence we have
TrεI −TrC =Trφ (εI )−Trφ(C )
and very similarly we get
TrεI −TrD =Trφ (εI )−Trφ(D).
Consequently,
Trφ(C )−TrC =Trφ(D)−TrD.
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The operatorsC andD were arbitrary, so we derive that
Trφ(C )=TrC +δ
(
C ∈L ++(H )
)
for some δ ∈Rwhich is independent ofC . Clearly, δ< 0 is impossible and
the bijectivity of φ excludes the possibility δ > 0. So we infer that δ = 0
implying Trφ(C )=Tr(C ) for anyC ∈L ++(H ). 
Claim 14. The map ψ : L +(H )→ L +(H ) also preserves the trace, that
is, we have
Trψ(A)=TrA
(
A ∈L +(H )
)
.
Proof. Let A ∈L +(H ) and select a sequence {An}n∈N of positive definite
operators on H converging to A. Then by the trace preserving property
of the map φ, Claim 13, and by the continuity of the trace functional, we
have
Trψ(A)=Tr lim
n→∞
φ (An)= lim
n→∞
Trφ (An)= lim
n→∞
TrAn =TrA.

Remark 15. Clearly, the transformationψ−1 also preserves the trace.
3.2. Proof of Theorem 3 — part two. In this subsection let ξ : S (H )→
S (H ) be a bijectivemap such that ξ(M (H ))=M (H ) and assume that
(7) Kα(ξ(A)||ξ(B))=Kα(A||B)
holds for A ∈S (H ) and B ∈M (H ).
In what follows we prove that ξ equals a unitary or an antiunitary con-
jugation on M (H ).
Claim 16. Let B ∈L ++(H ) be fixed. The map
Kα(.||B) : L
+(H )→ [0,∞); A 7→Kα(A||B)=TrB
−α(A−B)Bα−1(A−B)
is strictly convex.
Proof. Indeed, we have
Kα(A||B)=TrB
−αABα−1A−2TrA+TrB =
∣∣∣∣∣∣B−α2 AB α−12 ∣∣∣∣∣∣2
HS
−(2TrA−TrB) .
The first term is strictly convex in A since the Hilbert-Schmidt norm is
strictly convex, and the second term is affine in A. This implies the asser-
tion. 
Claim 17. The map ξ restricted to P1(H ) is a bijection from P1(H ) onto
itself.
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Proof. We have seen in Remark 6 and Claim 16 that the map Kα(.||B) :
L
+(H ) → [0,∞); A 7→ Kα(A||B) is continuous and strictly convex on
L
+(H ) for any fixed B ∈ L ++(H ). Therefore, so is the restriction of
Kα(.||B) to the compact and convex set S (H )⊂L +(H ) of states.
Recall that d denotes the dimension of the Hilbert space H . On the
one hand, if
Kα
(
P
∣∣∣∣
∣∣∣∣ 1d I
)
=max
{
Kα
(
X
∣∣∣∣
∣∣∣∣ 1d I
)∣∣∣∣X ∈S (H )
}
holds for some P ∈ S (H ), then P is an extremal point of S (H ) by the
strict convexity of Kα
(
.
∣∣∣∣ 1
d
I
)
. This implies that P ∈P1(H ). On the other
hand, for any P,Q ∈ P1(H ) there exists some unitary U ∈ L (H ) such
thatQ =UPU∗. By the clear unitary invariance of the χ2α-divergence, we
have
Kα
(
Q
∣∣∣∣
∣∣∣∣ 1d I
)
=Kα
(
UPU∗
∣∣∣∣
∣∣∣∣U 1d IU∗
)
=Kα
(
P
∣∣∣∣
∣∣∣∣ 1d I
)
.
Therefore, Kα
(
.
∣∣∣∣ 1
d
I
)
is constant on P1(H ) which means that for any P ∈
P1(H ) we have
(8) Kα
(
P
∣∣∣∣
∣∣∣∣ 1d I
)
=max
{
Kα
(
X
∣∣∣∣
∣∣∣∣ 1d I
)∣∣∣∣X ∈S (H )
}
.
We deduce that for P ∈S (H ) we have P ∈P1(H ) if and only if (8) holds.
By the preserver property of ξwe have
Kα
(
X
∣∣∣∣
∣∣∣∣ 1d I
)
=Kα
(
ξ(X )
∣∣∣∣
∣∣∣∣ξ
(
1
d
I
))
for any X ∈S (H ). Therefore,
P ∈P1(H )⇒Kα
(
P
∣∣∣∣
∣∣∣∣ 1d I
)
=max
{
Kα
(
X
∣∣∣∣
∣∣∣∣ 1d I
)∣∣∣∣X ∈S (H )
}
⇒Kα
(
ξ(P )
∣∣∣∣
∣∣∣∣ξ
(
1
d
I
))
=max
{
Kα
(
X
∣∣∣∣
∣∣∣∣ξ
(
1
d
I
))∣∣∣∣X ∈S (H )
}
⇒ ξ(P ) ∈P1(H ),
because the map Kα(.||ξ(
1
d
I )) is also strictly convex by Claim 16.
Consequently, we obtain that ξ (P1(H )) ⊆P1(H ). In the above argu-
ment we can replace ξ by ξ−1, hence ξ−1 (P1(H )) ⊆ P1(H ) also holds.
This means that ξmapsP1(H ) bijectively onto itself. 
We note that the computation rule
(9) TrRXRY =TrRX ·TrRY
can be verified by easy computation for any operators X ,Y ∈L (H ) and
for any rank one projection R ∈ P1(H ). This will be used in the sequel
several times.
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For the sake of simplicity, let us introduce the notation
K ∗α(X ||Y ) :=Kα(X ||Y )+1
(
X ∈L +(H ),Y ∈L ++(H )
)
.
An easy but useful consequence of (9) is that for any nonsingular density
operatorD with spectral resolution
(10) M (H )∋D =
m∑
j=1
λ jP j , λ1 >λ2 > ·· · >λm > 0,
m∑
j=1
λ j rank
(
P j
)
= 1
we have for every rank-one projection R on H that
(11)
K ∗α(R||D)=TrRD
−αRDα−1 =TrRD−α ·TrRDα−1
=
(
m∑
j=1
(TrRP j )λ
−α
j
)(
m∑
k=1
(TrRPk)λ
α−1
k
)
.
The formula (11) clearly shows that
(12) min
{
K ∗α (X ||D)
∣∣X ∈P1(H )}= 1
λ1
and
(13) max
{
K ∗α (X ||D)
∣∣X ∈P1(H )}= 1
λm
.
Moreover, we have
(14) K ∗α(R||D)=min
{
K ∗α (X ||D)
∣∣X ∈P1(H )} if and only if R ≤ P1,
and
(15) K ∗α(R||D)=max
{
K ∗α (X ||D)
∣∣X ∈P1(H )} if and only if R ≤ Pm .
Claim 18. Themap ξ|P1(H ) :P1(H )→P1(H ) preserves orthogonality in
both directions.
Proof. Clearly, since ξ and ξ−1 have similar properties, it is enough to
prove that ξ preserves orthogonality only in one direction, i.e., it maps
orthogonal rank-one projections to orthogonal ones.
Select P,Q ∈P1(H ) such that PQ = 0, and let
(16) B :=λP +ν(I − (P +Q))+µQ,
where 1 > λ > ν > µ > 0, and λ+ (d −2)ν+µ = 1. (Recall that d denotes
the dimension of the Hilbert space H .) The operator B defined in (16) is
a nonsingular element of S (H ), hence by (12) and (14), we have
min
{
K ∗α (X ||B)
∣∣X ∈P1(H )}= 1
λ
,
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and the minimum is taken if and only if X = P, and by (13) and (15) we
also know that
max
{
K ∗α (X ||B)
∣∣X ∈P1(H )}= 1
µ
,
and themaximum is taken if and only if X =Q.
The transformation ξ maps the set P1(H ) bijectively onto itself, see
Claim 17, and satisfies (7). Hence
min
{
K ∗α (X ||ξ(B))
∣∣X ∈P1(H )}= 1
λ
=K ∗α (ξ(P )||ξ(B))
and
max
{
K ∗α (X ||ξ(B))
∣∣X ∈P1(H )}= 1
µ
=K ∗α (ξ(Q)||ξ(B)) .
Clearly, ξ(B) is an invertible density operator. By (14) and (15),K ∗α (R||ξ(B))
is minimal if and only if R ≤ Pγ, where Pγ stands for the eigenprojection
of ξ(B) corresponding to the greatest eigenvalue, andK ∗α (R||ξ(B)) ismax-
imal if and only if R ≤ Pσ, where Pσ stands for the eigenprojection of ξ(B)
corresponding to the smallest eigenvalue. (Observe that the greatest and
the smallest eigenvalues of ξ(B) can not coincide since K ∗α (X ||ξ(B)) takes
the different values 1/λ,1/µ as X runs through the set of rank-one pro-
jections.) It follows that ξ(P ) and ξ(Q) are subprojections of two different
eigenprojections of ξ(B) and hence we have ξ(P )ξ(Q)= 0. 
Claim 19. The map ξ|P1(H ) : P1(H )→ P1(H ) preserves the transition
probabilities meaning that it satisfies
Trξ(P )ξ(R)=TrPR (P,R ∈P1(H )) .
Proof. Let P ∈P1(H ) and set
C :=λP +µ(I −P ),
where 1>λ>µ> 0, and λ+ (d −1)µ= 1. Let R ∈P1(H ). Then
R = P ⇐⇒K ∗α (R||C )=min
{
K ∗α (X ||C )
∣∣X ∈P1(H )}
⇐⇒K ∗α (ξ(R)||ξ(C ))=min
{
K ∗α (X ||ξ(C ))
∣∣X ∈P1(H )} .
This means that ξ(P ) is the one and only rank-one projection which is
majorized by the eigenprojection of ξ(C ) corresponding to the greatest
eigenvalue.
We can easily see by (13), (15) that K ∗α(R||C ) =
1
µ for any R ∈ P1(H )
which is orthogonal to P. On the other hand, by Claim 18, we have PR =
0⇐⇒ ξ(P )ξ(R)= 0, so K ∗α (X ||ξ(C ))=
1
µ holds for any rank-one projection
X which is orthogonal to ξ(P ). This means by (12)-(15) that
ξ(C )=λξ(P )+µ (I −ξ(P )) .
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By (11) we get that
K ∗α (ξ(R)||ξ(C ))
=
(
Trξ(R)ξ(P )λ−α+ (1−Trξ(R)ξ(P ))µ−α
)
×
×
(
Trξ(R)ξ(P )λα−1+ (1−Trξ(R)ξ(P ))µα−1
)
for any R ∈ P1(H ). Comparing this to another consequence of (11),
namely,
K ∗α (R||C )
=
(
TrRPλ−α+ (1−TrRP )µ−α
)(
TrRPλα−1+ (1−TrRP )µα−1
)
,
from the equality K ∗α (ξ(R)||ξ(C ))=K
∗
α (R||C ) we can deduce that
Trξ(P )ξ(R)=TrPR
holds for any R ∈ P1(H ). Indeed, to see this, it is enough to check
that K ∗α (ξ(R)||ξ(C )) is strictly monotone decreasing in Trξ(P )ξ(R) and
K ∗α (R||C ) is strictly monotone decreasing in TrPR . 
Let us now recall Wigner’s famous theorem on the structure of quan-
tum mechanical symmetry transformations. It states that any bijection
of P1(H ) onto itself which preserves transition probabilities (i.e., pre-
serves the trace of the products of rank-one projections) is necessarily
implemented by a unitary or an antiunitary operator. Therefore, we get
that
ξ|P1(H )(R)=URU
∗ (R ∈P1(H ))
for some unitary or antiunitary operatorU acting on H .
We intend to show that ξ(A) = UAU∗ holds for any A ∈ M (H ). We
mention that the core idea of the proof of this step appeared in [8], and
that technique was further developed in [17]. Let us define the map ξ′ :
S (H )→S (H ) by
ξ′(A) :=U∗ξ(A)U (A ∈S (H )) .
By the assumptions, ξ′ has the same properties as ξ plus it has the addi-
tional property that it acts identically on the set P1(H ). Therefore,
(17) Kα
(
P ||ξ′(A)
)
=Kα
(
ξ′(P )||ξ′(A)
)
=Kα (P ||A)
holds for any A ∈M (H ) and for any P ∈P1(H ). Considering the equa-
tion (12), it is clear by (17) that that the greatest eigenvalues of A and
ξ′(A) coincide and, by (14), it is also clear that the eigenprojections cor-
responding to the greatest eigenvalues coincide, too.
The formula (11) shows that, similarly to the equations (12) and (14),
the following holds (here we use the notation of (10), A being in the place
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ofD):
min
{
K ∗α (X ||A)
∣∣X ∈P1(H ),XP1 = 0}= 1
λ2
and
K ∗α(R||A)=min
{
K ∗α (X ||A)
∣∣X ∈P1(H ),XP1 = 0}
⇐⇒RP1 = 0,R ≤ P2.
By (17) this means that the second greatest eigenvalues of A and ξ′(A)
coincide, and so do the corresponding eigenprojections. Continuing this
process, after finitely many steps we get that ξ′(A)= A. Therefore, ξ′ acts
as the identity on the set of nonsingular densities, as well. This means
that ξ(A) =UAU∗ for any A ∈M (H ) as asserted in the beginning of this
subsection.
3.3. Proof of Theorem 3—part three. We are now in a position to com-
plete the proof of Theorem 3. In what follows let φ,ψ be as in Subsection
3.1. Introduce the notation
L
+(H )λ :=
{
A ∈L +(H ) : TrA =λ
}
.
Observe thatL +(H )1 equals the state space which is denoted byS (H ).
Furthermore, observe that by the trace preserving property given in
Claim 14, ψ restricted to L +(H )λ is a bijection of that set onto itself.
In particular,ψ restricted to S (H ) is a bijection from S (H ) onto itself.
Straightforward computations show that the χ2α-divergence is homoge-
neous, that is,
Kα (λA||λB)=λKα (A||B)
(
A,B ∈L +(H ), λ ∈ [0,∞)
)
.
For any λ ∈ (0,∞), let us define amapψλ in the following way:
ψλ :S (H )→S (H ), A 7→ψλ(A) :=
1
λ
ψ(λA) .
Themapψλ satisfies (7) because
Kα
(
ψλ(A)||ψλ(B)
)
=Kα
(
1
λ
ψ(λA) ||
1
λ
ψ(λB)
)
=
1
λ
Kα
(
ψ(λA) ||ψ(λB)
)
=
1
λ
Kα (λA||λB) =Kα (A||B)
holds for any A ∈S (H ),B ∈M (H ) and λ ∈ (0,∞). Moreover, by the bi-
jectivity and the trace-preserving property ofψ, themapψλ is a bijection
on S (H ). Moreover, it acts bijectively on M (H ), because
ψλ(A)=
1
λ
ψ(λA)=
1
λ
φ (λA)
holds for any invertible density A and λ ∈ (0,∞), and φ is a trace-
preserving bijection on L ++(H ). So, the results in Section 3.2 apply and
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for any λ ∈ (0,∞) we have that there is a unitary or an antiunitary opera-
torUλ on H such that
φ(λA)=Uλ(λA)U
∗
λ
holds for any nonsingular density operator A on H . We need to show
thatUλ does not depend essentially on the parameter λmeaning that all
Uλ’s induce the same similarity transformation. In order to verify this, fix
positive real numbers λ,µ. Choose A,B ∈M (H ). We have
Kα(λA||µB)=Kα
(
φ(λA)||φ(µB)
)
=Kα
(
Uλ(λA)U
∗
λ ||Uµ(µB)U
∗
µ
)
from which we easily deduce that
TrB−αABα−1A =TrUµB
−αU∗µUλAU
∗
λUµB
α−1U∗µUλAU
∗
λ
holds for any A,B ∈M (H ). Denoting V =U∗µUλ we have
TrB−αABα−1A =TrB−αV AV ∗Bα−1V AV ∗
for all A,B ∈ M (H ). Fix B ∈ M (H ). Then, first for all A ∈ M (H ) and
then for all A ∈L ++(H ) and finally for all A ∈L +(H ) we have
TrB−αABα−1A =Tr(V ∗B−αV )A(V ∗Bα−1V )A.
Linearizing this equality, i.e., writing A+A′ in the place of A we infer that
the equality
TrB−αABα−1A′+TrB−αA′Bα−1A
=Tr(V ∗B−αV )A(V ∗Bα−1V )A′+Tr(V ∗B−αV )A′(V ∗Bα−1V )A
is valid for any A,A′ ∈L +(H ). We can rewrite this in the following way:
Tr
(
B−αABα−1+Bα−1AB−α
)
A′
=Tr
(
(V ∗B−αV )A(V ∗Bα−1V )+ (V ∗Bα−1V )A(V ∗B−αV )
)
A′
for any A,A′ ∈L +(H ) and then for any A,A′ ∈L (H ), too (every opera-
tor is a linear combination of positive semidefinite ones). It easily follows
that
B−αABα−1+Bα−1AB−α
= (V ∗B−αV )A(V ∗Bα−1V )+ (V ∗Bα−1V )A(V ∗B−αV )
holds for any A ∈L (H ) and B ∈M (H ). It is easy to see that, plugging
B−1/TrB−1 into the place of B , we next have
BαAB1−α+B1−αABα = (V ∗BαV )A(V ∗B1−αV )+ (V ∗B1−αV )A(V ∗BαV )
for any A ∈L (H ) and for anyB ∈L ++(H ) and then for anyB ∈L +(H ),
too. Assume 0<α< 1. Then it follows that for any projection P on H we
have
2PAP = 2(V ∗PV )A(V ∗PV ) (A ∈L (H )).
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This easily implies that P = V ∗PV for all projections P on H . This fur-
ther gives that V equals the identity multiplied by a complex number of
modulus 1. It follows thatUλ,Uµ are linearly dependent for any λ,µ and
hence they induce the same unitary or antiunitary similarity transforma-
tion. The argument is similar but simpler in the case where α is either 0
or 1. Consequently, we have a unitary or antiunitary operator U on H
such that
φ(A)=UAU∗ (A ∈L ++(H )).
This completes the proof of our main result Theorem 3.
3.4. The sketches of the proofs of Propositions 4 and 5. This subsection
is devoted to give the sketches of the proofs of our results concerning
bijective maps preserving the χ2α-divergence on the cone of all positive
semidefinite operators or on the state space.
First, we consider Proposition 4. Let φ be the map given there. We
observe that a positive semidefinite operator B on H is nonsingular if
and only if we have Kα(A||B) < ∞ for every A ∈L +(H ). Thus we infer
that
φ
(
L
++(H )
)
=L
++(H ).
Clearly, the restriction φ|L ++(H ) satisfies the conditions of Theorem 3,
hence we have a unitary or an antiunitary operator U : H → H such
that
φ(A)=UAU∗
(
A ∈L ++(H )
)
.
Next, we observe that using the same argument as in the proof of Claim9,
we can show that for A ∈L +(H ), {An}∞n=1 ⊂L
++(H ) with limn→∞ An =
A, we have that {φ(An)}n∈N is convergent. Let L = limn→∞φ(An). To see
that L =φ(A), for any B ∈L ++(H ) we compute
Kα(L||φ(B))= lim
n→∞
Kα(φ(An)||φ(B))
= lim
n→∞
Kα(An||B)=Kα(A||B)=Kα(φ(A)||φ(B))
which, by Lemma 8, implies that φ(A) = L. (Note that this does not give
the continuity of φ on L +(H ).) Hence we obtain
φ(A)= lim
n→∞
φ(An)= lim
n→∞
UAnU
∗
=UAU∗
for any A ∈L +(H ) with some given unitary or antiunitary operatorU on
H . This proves the statement in Proposition 4.
As for Proposition 5, let φ be the map given there. As above, we can
easily deduce that
φ(M (H ))=M (H )
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and that φ satisfies (7). Therefore, by the results of Subsection 3.2, we
have a unitary or an antiunitary transformationU :H →H with
φ(A)=UAU∗ (A ∈M (H )) .
The proof can now be completed in a way very similar to the last part of
the proof of Proposition 4.
4. CONCLUSION, OPEN PROBLEMS
Above we have proven that any bijectivemap on any of the convex sets
L
++(H ),L +(H ),S (H ) which preserve the χ2α-divergence is a unitary
or an antiunitary similarity transformation. This gives the somewhat sur-
prising conclusion that although the quantity Kα(.||.) is highly nonlinear
in its variables, the bijective maps which preserve it are linear, more ac-
curately, affine automorphisms of the underlying convex sets.
We finish the paper with two very natural and exciting questions to
which we do not have answers and hence we leave them as open prob-
lems. First, we ask if the bijectivity assumptions in our results above can
be relaxed. Second, what is the structure of those bijective maps on the
sets L ++(H ), L +(H ), S (H ) which preserve a general χ2-divergence
given in (10) on page 122201-3 in [15]. The arguments we have pre-
sented in this paper may convince the reader that those questions are
most probably difficult and hence rather challenging and may therefore
be the targets of further investigations.
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